Abstract. We define a moduli space of stable regular singular parabolic connections of spectral type on smooth projective curves and show the smoothness of the moduli space and give a relative symplectic structure on the moduli space. Moreover, we define the isomonodromic deformation on this moduli space and prove the geometric Painlevé property of the isomonodromic deformation.
Introduction
Let T be a smooth covering of the moduli stack of n-pointed smooth projective curves of genus g. Take a universal family (C,t) over T . In the paper [4] , the first author constructed the relative moduli space (t,r,d) is nothing but the isomonodromic deformation. One of the important results in [4] is that the isomonodromic deformation determined by D(π * (Θ T )) has the geometric Painlevé property.
There is a locus Y in M We can easily see that the locus Y is preserved by the isomonodromic deformation. However, the dimension of Y is too big because it parameterizes the parabolic structure {l (i) j }. So we contract Y by forgetting the data {l (i) j } and obtain a moduli space Y . We say Y the moduli space of regular singular parabolic connections of spectral type ( †). By construction, Y is preserved by the isomonodromic deformation. So we obtain a low dimensional phase space arising from the isomonodromic deformation. Such low dimensional phase spaces get an attention from the viewpoint of the theory of integrable systems.
T. Oshima studied in [9] the isomonodromic deformation of the Fuchsian system of spectral types in detail. In particular, he studied additive Deligne-Simpson problem on Fuchsian systems on trivial bundles on P 1 and a combinatorial structure of middle convolutions and their relation to a Kac-Mooody root system discovered by Crawley-Boevey [1] .
Let us fix a smooth projective curve C of genus g and a set of n-distinct points t = (t 1 , · · · , t n ) on C. Spectral types are given by tuples (r 
) is a smooth quasi-projective scheme of dimension (see Theorem 1.3)
one can rewrite as
The moduli space of α-stable parabolic connections of spectral types (r (i) j ) is a deformation of the moduli space of α-stable parabolic Higgs bundles on (C.t) of spectral types (r (i) j ). Then the genus of spectral curves of parabolic Higgs bundles should be the half of dimension of the moduli spaces. The formula suggests that the genus of spectral curves equal to N −
where N is the genus of spectral curve with trivial spectral types r (i) j = 1. It will be interesting to see the explicit geometry of the moduli space of parabolic connections and parabolic Higgs bundles. An approach by using the apparent singularities and their duals will be treated in [10] .
For example, if we consider the case g = 0, n = 4, r = 2, d = −1 and r (i) j = 1 for all i, j, then the spectral type will be denoted as (11, 11, 11, 11) . The corresponding moduli spaces M are nothing but the fiber of the phase space, or Okamoto's space of initial conditions of Painlevé VI equations and dim M = 2.
H. Sakai studied in [11] the Fuchsian system of spectral type which gives 4-dimensional isomonodromic deformation equations. Here the 4-dimensional means that the dimension of the moduli space of parabolic connection of spectral type is 4. The interesting point of [11] is that a Fuji-Suzuki system ( [2] , [3] ) and a Sasano system ( [12] ) can be obtained from the isomonodroimc deformations of the Fuchsian system of certain spectral types. Including them, there exists only 4-types of 4-dimensional isomonodromic deformation equations of Fuchsian systems of spectral types over P 1 . They are corresponding to the spectral types r = 2, n = 5, (11, 11, 11, 11, 11 ) (Garnier), r = 3, n = 4, (21, 21, 111, 111) (the Fuji-Suzuki), r = 4, n = 4, (31, 22, 22, 1111) (Sasano) and r = 4, n = 4, (22, 22, 22, 211) (the sixth matrix Painlevé ).
The main results in this paper are the smoothness and a symplectic structure of the moduli space of stable regular singular parabolic connections of any spectral type on smooth projective curves over C. (Cf. Theorem 1.2 and Theorem 3.1). Moreover, the more important result (cf. Theorem 4.1) is that the isomonodromic deformation defined on the moduli space of regular singular parabolic connections of spectral type has the geometric Painlevé property. So we can say that the moduli space of stable regular singular parabolic connections of spectral type is the space of initial conditions for the isomonodromic deformations.
Here the definition of the geometric Painlevé property is given in [6] and the geometric Painlevé property implies the usual Painlevé property.
As a corollary, 4-dimensional isomonodromic deformation considered by H. Sakai in [11] has the Painlevé property.
It will be also interesting to consider similar problems for parabolic connections with irregular singularities of fixing spectral types. Classifications of spectral types of dimension 4 cases are treated in [7] and [8] .
1. Definition and properties of the moduli space of regular singular parabolic connections of spectral type Let C be a smooth projective irreducible curve over C of genus g. We set
Let r, d be integers with r > 0. For each i with 1 ≤ i ≤ n, take positive integers r
E is an algebraic vector bundle on C of rank r and degree d,
Take rational numbers α = (α
Let T be a smooth algebraic scheme which is a smooth covering of the moduli stack of n-pointed smooth projective irreducible curves of genus g over C and (C,t) be the universal family over T (t = (t 1 , . . . ,t n ), where eacht i is a section of C → T andt i ∩t j = ∅ for any i = j). Theorem 1.1. There exists a relative coarse moduli scheme π : (1)) is an affine space bundle over Pic (1)), where (1)). Consider the morphism
It is sufficient to show that the morphism det is smooth. Let A be an artinian local ring over
) with the maximal ideal m and I be an ideal of
j+1 for any i, j. and that det(E, ∇, {l
can be lifted to a flat family (Ẽ,∇, {l
Tr(b) = 0 and
If (t i )
A ∈ U α , we may assume that the parabolic structure {l
where e 1 , . . . , e r is the standard basis of E α . We define a parabolic structure {(l α )
Then we have
Then we obtain a local parabolic connection (E α , ∇ α , {(l α )
can easily obtain a local parabolic connection (E α , ∇ α , {(l α )
We can easily see that d{u αβγ } = 0 and ∇ † {u αβγ } = −d{v αβ }.
So we can define an element ω(E, ∇, {l
We can check that ω(E, ∇, {l 
) . Then we have a ∈ End((E, ∇, {l 
Hence det is a smooth morphism.
is smooth, it is sufficient to show that the tangent space Θ M α
j for any i, j
Note that we have an isomorphism
where
is the algebraic relative tangent bundle of
, we obtain an exact sequence
Here we used the isomorphism
C/T and Serre duality. We define a subsheaf E 1 ⊂ End(E) by the exact sequence
Inductively we define a subsheaf E k ⊂ End(E) by the exact sequence
Riemann-Hilbert correspondence
Let T , C andt = (t 1 , . . . ,t n ) be as in section 1. Take a point x ∈ T . Then C x is a smooth projective curve of genus g over C and (t 1 ) x , . . . , (t n ) x are distinct points of C x . Consider the categorical quotient
by the adjoint action. We set
For b ∈ B and x ∈ T , we denote by RP r (C x ,t x , b) the categorical quotient of
for each i, there is a filtration
by the adjoint action of GL r (C), where γ i is a loop around (t i ) x . Then we have a canonical closed immersion
for any i, j. For (E, ∇, {l
..,(tn)x} becomes a local system and corresponds to a representation ρ : π 1 (C x \{(t 1 ) x , . . . , (t n ) x }, * ) → GL r (C). Then we put RH(E, ∇, {l ,t x , b) . So we can define a morphism
is the moduli functor of α-stable regular singular parabolic connections of spectral type (r (i) j ) and (E, ∇, {l j )) corresponds to a regular singular parabolic connection considered in [4] . Assume that we can choose α so that α-stable ⇔ α-semistable. If we choose α
1≤k≤r suitably, any parabolic connection (E, ∇, {l
where M For ν = (ν
is a proper surjective morphism by [4] , the restriction
is also proper. We have a commutative diagram
Since p is surjective, the morphism 
defined above is surjective. For example, it happens that for g = 0 and for small n, the moduli space ν) becomes empty but the moduli space RP r (C x ,t x , b) is not empty.
3. Relative symplectic form on the moduli space Theorem 3.1. Assume that we can take α so that α-stable ⇔ α-semistable. Then there exists a relative
. Remark 3.1. We need some assumption on (r j is coprime to r, then we can take such α.
Proof. There are an affine scheme U and anétale surjective morphism τ :
, namely there is a universal family (Ẽ,∇, {l
Let π U : C × T U → U be the projection. Then we have
Take an affine open covering
and
We define a pairing
. By definition, we can easily see that ω U descends to a pairing
Take any C-valued point y = (E, ∇, {l
We can check that ω(v, v) is nothing but the obstruction class for the lifting of (
be the homomorphism induced by ω. For any C-valued point
Cy and Serre duality. Thus ξ(y) becomes an isomorphism by the five lemma. Now we will prove that ω is d-closed. As is explained in section 2, We have a smooth projective surjective
) (x,ν) isétale and y ∈ p(U ). We can take a closed point y ′ ∈ U such that p(y ′ ) = y. Then y corresponds to a member (E, ∇, {l
) (x,ν) and y ′ corresponds to a member (E, ∇, {l
(y), we can regard v, w as elements of H 1 (F • (y)). Put
j for any i, j and for the induced morphism a
we have (a
j for any i, j and for the induced morphism b
we have b
We have a canonical commutative diagram
and canonical homomorphisms
There is a canonical symplectic formω on M
There exists a splitting s :
Take an affine open covering C x = α U α . The tangent vectors v, w can be represented by ({a αβ }, {b α }) and ({a 
Isomonodromic deformation
Let T be an algebraic scheme over C, which is a smooth covering of the moduli stack of n-pointed smooth projective curves of genus g. Take a universal family (C,t) over T . For the spectral type (r satisfies the integrability condition,
